ID *;28 179 



DOCO0EiT lESOHE 



SB 020 ?5'l 



AOT HOB 

INSriTOTIOK 

SPONS AGENCY 
lEPOET NO 
PT3B DATE 

MOTE 



1DRS PRICE 
DESCBIPTORS 



artificial Ititelligence 
Cambriage, ittif icial 



Cohen I Harvey 

The Art of Snaririg Dragoiis 
Memo dumber 338. Revised. 
Massachusetts Inst, of T^ch,^ 
Iiitelligence Lab. 

Nat loual Science Foundatioa , Wasshingtony BmC^ 

LOGO-18 

May 75 

60p*| Wot available in hard copy due to matginal 
legibility througho^it original docuieiit 
The Artificial Inttlligence laboratory^ 5^5 
Technology Square^ Canibriage^ MA 02139 ($1*70) 



HP--$0*83 Plus Postage. HC Hot Available from EDRS* 
^Artificial Intelligence i Computerai ^Inittactlon; 
^learning Theories; Matheinatical Models; Math^niatiCB 
Edacations Physics; ^Problem Solving 5 '^"SclQnc^ 
Iducationi Simulation; Taachlng Methoas- ^Teaching 
Models 



ABSTBACT 

Several models for problaa solving are discussed ^ ani 
the idea of a heuristic frame is aevelopaa* TLls concept proviaes a 
description of the evolution of probXeD^solving skills in terms of 
the growth of the number of algorithms available and Increasad^ 
sophistication in their use. The heuristic frame model is applied to 
t^o sets of physical problame to illustrate the coaponents involved* 
Several taachiiig strategies relatea to the heuristics and to 
promoting stadents* self awareness of their developing problem 
solving abilitj are discussed. In an appenaix^ the probiem-solving 
ffloael is ralat^a to the Piagetian idea of conservation. (SD) 



* Dccaaents acquirea by IRIC incluae many inforial anpublished * 

* materiaLg not available from other soarces, IBIC makes every effort * 

* to obtain the best copy available, Nevertheless^ items of fflarginal * 

* reproducibility are often encounterea ana this affects the guality * 

* of the nicroliche and hardcopy reproauotions ERIC makes available * 

* ma tha EfilC Docunent Haproduction Service (BDIS) • IDES is not * 

* responsible for the quality of the original aocument, Reproaactions * 
^ sappllea by IDSS are the best that can he made from the original. * 



EKLC 



U S on PART m NT OF N EALTH, 
NATIONAL iNITITUTi OP 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 



ARTIFICXAL INTELLIGENCE LABORATORY 




A.I. Memo 338 
(LOGO Memo No. 18) 



November j 1974 



Revised Mays 1975 



THE ART OF SNARING DRAGONS 



Haryey A. Cohen 



ABSTRACT 



DRAGOMS are formidable problems in elementary meciianics not amenable to 
solution by naive formula cranking. What is the intellectual weaponry or. e 
needs to snare a Dragon? To snare a Dragon one brings to mind an heuristic 
frame - a sppclfically structured association of problen! solving ideas. 
Data on the anatomy of heuristic franies - just how and what ideas are linked 
together - has been obtained from the protocols of many attacks on Dragons 
by students and physicists. In this paper various heuristic frames are 
delineated by detailing how they motivate attacks on two particular Dragons, 
Milko and Ji-gglo, from the writer's compilation. This niodijl of the evolution 
of prDbleiii solving skills has also been applied to the interpretation of the 
Intellectual growth of children, and In an Appendix we use it to glvfi a 
cogent Interpretation for the prcitocols of Piagetian "Conservation" experiments . 
The model provides a sorely tieeded theoretical frwework to discuss teaching 
strategems calculated to pironiote problem solving akills. 
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1. INTRDnilCT ION 

R'rery teacher oT physicts woujrt, r f^el, assert that he 
striv-s to toach students not only how r.o solve certain paradigm 
examples but that he also hopes to Impart a cluster cjf 
cfeneraliznd skills in problem solirlng that will equip students to 
comprehend and analvae a qreater range of problems than could 
posaihly be diacussed in lecture claBses and tutori^ns. Put is thare 
any specific way to promote this abjective 7 The purpofie of thij 
introduction is to recount soinc, of the more asoassible ideas in 3 
t-arh^g Rtratsqarfl I hare beQii daveloping for this purpose. 
This strataqein shares elnmentP in coimion with what I call the 
Fermi stratagem (in Physics teaohing) and Polya stratagera (in 
Mathematica teaching) . 

In the Permi strataqew sttudenta are posed problems of a 
more pro ject-liJce character. Some auch Fennl problems are 
relatively open-snded (e.g., "How, in terms of phyaics, do we 
walk and run?"), other FmmL problems have a definite solution but 
are of a "non-standard" form requiring the Bklllful selection 
and artful utillBation of nerhapa quite elementary physical models. 
Teachers wishing to follow the Pemi stratagem face two 
difficulties. The first is the scarcity of Pe«ni probletna , or 
rather the scarcity of compilations of such problems. In this 
regard Walker's "Flying CircuR"^l8 a very welcome addition 
to the Ph /sics teaching literature. This writa has also 
compiled a colxdctlon of non-standard problems (which he calls 
"Dragons'*) In eltnentary mechanics, "A Dragon Hunter's Box"2 of 
which some of the Dragons may be aptly characterized as 
Fermi problems. The second difficulty 



in introducing Fermi problams is the absence of any compre-- 
honsive tutor's guide embodying theoretical analysis and 
practical eKperience in tlie prasentation and effective utili-- 
zation of Bxxch probleina. In fact tha casijal introduction of 
Fermi problernQ into certain innovatory courses of recent years 
has often lead to obvioas failure # as thi^ students participa-^ 
ting have lacked any model of how to proceed in tackling any 
problem other than those rnore convent ional problems which I 
term "fortnula craiikers." 

In the Polya stra^agem^ students already familiar v/ith 
the tricks and techniquee needed for partlcalar problems, are 
given spaciffic inatructlon in powarful general probleni solving 
ideas - what Polya teras matheinatical heuristics. The style 
of presentation r ae evidenced by the structure of "Mathematics 
and Plausible RaasDnlng*'3 ip to first explain a particular 
heuristic* and demonstrate its applicability to a particular 
problems the student is than posad a graded sat of problems 
which are amenable to solution via that heuristic , The writer 
is not aware of any extensive application of the Polya strata-* 
gam to physics teachiiig. 

My own teaching stratagem grew out of an attempt to imple- 
ment the key ideas of Fermi and Polya in the context of a college 
course in elemenitary mechanics* I was especially keen to get 
nway from the traditional eniphasis on problems which may be 
chd racteriaed as "fornula-^crankers" and to engage students in 
problems which had mora of the flavour of research problems in 
physics, such as Fermi problema. There are in fact very few 
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piablished Fermi problems in aleraentasry mQchanlcs, and it seems 
the typical problem ractually poiad by Penni was "How many piano 
tuners are there in Hew fork? -.4 go in order to produce a signl- 
ficant compilation of challenging problems for student use 1 
v^as obliged to devisQ a number of new problems in elementary 
mechanics which i termed Dragons to express their forraidable 
character. In line with this playful terminology, the first 
conipilation of Dragons was produced in a hand lettered and 
illustrated booklGtS entitled ^Tfl-at G Killed Med Kelly? and 
Other Problematical Dragons " (Mad Kelly - ~ an Australian folK 
hero - = the last of the bushrangers - - was hung in Melbourne 
iri 1867). The "Ned Killy" Dragon book was used in conjunction 
with the lect^ares and tutorials of a courae in elementary 
mechanics, AM204 Second Year Mechanics at La Trobe University 
in Melbourne, Australia during 1972.^^ 
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it is ncm opportune to discuss the pedagogic 
principles underlyirig the selection and construction of the 
Dragons of the original compilations and its successor2. The 
Dragons were conceived as providing scope for the discuesion 
of problem solving per se rather than particular physical 
principles. An underlying assuniption was that many students 
try to solve problems in accord with the following model: 
The Formula Cra nker's Model 

Step 1, Look at the problem solved, 

Step 2. Scan one's reportolre of all the problems one 
can solve, until one finds S similar to P* 

Step 3. Apply the algorithm used to solve to P, 
I've called this model the Formula Cranker's Model of Problem 
solving am this model villi in fact, be of some real service 
to a student in the solution of a formula cranker - - a prob- 
lem in which has been speclfiad formally precisely those ele-- 
ments to be substitutad in a familiar formulas for instance 
if shape parameters (such as might be involvea in a moment of 
inertia) are not explicitly labeled and specified the "similar" 
problem must not devolve on such parameters* My Dragons were 
selected or constructed so that like the real problems tackled 
in research the Formula Cranker's Model would fail. Consider 
first the Dragon MILKO of riq, (iv ) , Because MILKO explicitly 
seeks the determination of the pressure at the bottom of a 
cylinder=-like volume (the interior of a milk bottle), this 
Dragon is clearly "similar'' to the calculation of the pressure 
at the base of a cylindrical column of liquid. In this sense 
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the Dragon is also "similar" «#-h«^ i ^. 

Ajiij.xci.1. CO otnar calculations of b 

pressure upor the sole of one's shoes. Hence applying to 
MII,KO the aloorlthm of the "similar" problems, the ba: 
pressure P is <,lven in terms of the base area A ana th 
total weiqht of the contents of the bottle, W, as 



P = W/A 



-his eKpraasion is entirely false, and ia an instance of how 
the Poonula Cranking Model aan lead to an inappropriate 
fornima. Consider nsKt the Drawn JTJGGLO of Fig. (xiv) . it 
happana that this Dragon may be auccessfully snared uaing 
the san,e fon,ulas as are appliad to the calculations of the 

mechanics of a rigid body, yet hs i • 

y. let as juggling is m no sense 

"similar" to a ri.id body, students following the Formula 
Cranker's Model of action will not arrive at such an 
analysis (as is given under the caption "in Toto" in .eatien 3) 
That is, by t>,is example, we see how the Fonnula Cranker's 
Model may prevent students from recognizing the 
applicability of guite familiar algorithms. The third point 
to be made about the Formula Cranker's Model is that even 
if that following this model one determined an appropriate 
alaorithm, application to the given problem may lead to a 
mess of algebra which is hard to untangle finally 
•"olve the problem. ^ illustration of this sort of 
Phenomena is provided in Section 2, balow the heading 
Pormula Crank, 
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Thm aboVG axamples indicate that ©Kposure to those 
forTniflablf* (vet elementary) TDroblems I've terrierl Praqons 
highliqhtB to etuf^ents the inaflequacv of the Formula 
Cranker's Model of Problem Solving. But in fact this is 
only a irinor aspect of vjhat can be learnt from such 
encounters. ParticulErly when one has in fact produced 
the canonical wrong answer to a rrarron, a study of such 
encounters, using introspention anfl observation other 
students* rewals the sort of mental construct 
collection of asffoeiated ideas one has brought to bear 
on the problr^n. 

How in fact does on^ nnl\rm physics probTems ? Over 
the past ^ev7 years X-ve listened intently to many attempts 
bv students and physicists to snare the nragons of my 
collection*^ These observations (protocols is the jarnon 
word in psychology) support the eontantion that in solving 
such problems one uses a structured collection of assncia 
ideas that i*ve termed a heuristic frame* There appears 
to be only a relatively small numher of heuristic frames 
available to any individual, of the order of twenty. 
In ^able 1, the anatonry of a heuristic frame is revealed. 
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CONCP0isiEMt;« 



DFPCRlPTIOi^ 



(Core) heuristic 



An elemental, crude problein 
solvinq idea, probably 
acquirea In childhood. 



Problem Peduction 
Devices and 
^loorlthm Selector 



How to reshaoe the problem 
and which alcrorlthm to 
apply. 



nebucT routines 



What to do when things 
"go wrong" . 



nemons ; 

T'Jarnings, Caveats, 
Flacfs, Pointers 



Miscellaneous; 
"t-Tatch out" 
"Try another 
heuristic frame" 



ERIC 



1 



In Table 1 and elsewhere in this paper, hv an aloorithm is 
meant a hiqhly specific procaaure or formula. The (core) 
heuristic of a heuristic frame is the samei sort of Fiental 
object as what Polya termed a heuristic a problem 
solving idea of eome potency. (Polya confined his attention 
to mathematics^ however) • Problem reduction involves puttinq 
the problem in a form suitable for the application of 
particular algorithms. If the unexpected happens or even 
v;hen one is informed that the answer derived is "wrong" 
one calls upon the Debug Routines of the heuristic frame. 
Also linker^ with the other components of a heuristic fram,e 
are what I've termed Demons s the imaae is of some little '%^^st 
that waits for some speclfie little occurrence to trigger his 
attention — when ha passes on his inessage. At any rate# 
under the headi nq of "Demons" are liimped together some 
miscellaneous ideas ho\md in the framei such as warnings, 
caveats, and directives to other frames* A few examples of 
demons are presented later in this paper. 

The concept of Heuristio Framas provides a description 
of the evolution of problem solving skills in terms of 

a) The growth in one*s reportolre of algorithms, 

b) The elaboration and augmentation of the compon nts of one's 
heuristiu frames. 

The latter process is termed the 'debugging of heurtsticg - • 
in rlehu^rTina the core heuristic is essentially unalterable, 
only the other aomponants of the frMie can be edited. A simple 
description of problem solving in terma of the components 
of haurlstlG frames is contained in a modal which is called 
the Horse and Cart or H.A.C. Model (of problem solving) 
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TABLE II 

HORSE AND C? .RT MODEL OF PROBLEM SOLVING (H.A.C.) 
TO H.A.C. 

Step 1. Given a oroblem, choose a Heuristic 

ftep 2. ■Reformulate the problein and, select an Al^ori 

Step 3. CRAMK the algorithm 

Step 4. Tn ease of troiJile, DEBUG. 



The w.^^.c, Mo^el is presented in Table TI . This 
model essentially states that the choice of Heuriatlc 
precedes the choice of an Algorithir that does the actual 
Cranking of a problem. As stated above, the model is 
over simple, but has proved to be an effective tool in 
promotinq problem solving skill, by providing a descriptive 
basis for Relf-assessment and student counselling, Thus in 
total, this paper deals with a teaching stratagem basefl on 
two models : 

i) A model for intellectual development in tenns of 
the debugging of heuristics 

ii) A model for problem solving. 

An example of how a tutor may aid the intellectual development 
of a student by directing attention to the debugfing of one 
particular heuristic is provided by the following ©xainple 
taken from my tutorial records. 

A student complainert that he didn't "understand*" 
gyroscopic effects. What that meant was that he could Collow 
<j the mathematical presentation given in class, yet the 12 
i^lta hehaviour was still aurprlalng, t probed further aita foond ^ 



that if a flyvrheel was spinninq in a vertical Diane, m<^ p 
torque about the artical axis utbs aopliefl for aJi Instant, 
this student expected th^ flv-wheel to reiPain vertical, but 
fer its plane to rotate about the vertical axis. 



Fig. (i) 




In^uWve'brqud 



Figure (1) iniaeflne that a spinnlncr flywheel is placed inside 
the box (drawn here in isometric projection) with the plane 
of the fflywheol parallel to the front face of the box. The 
spin sense o^ the flyt.»heel is marked oii the front face, and 
the projection of the wheel, the line fin, on the top of tui hoK. 
h torque, appliefl briefly. Is Inajcatefl hy its tenfliney, to 
twist In the top (horizontal plane), rather than as a vartical 
vector. One corr'won sturtent expectation is that ths new 
DosJtlon the flywheel has the prolectlon nn the top of 

the hoK, eorreapondinf to a rotation of the plane o« the 
flywheel about the vertical, 

» 

Fiqure (1) is the diagram that was <lra*m while 
enaeavourln«3 to clarify the students expectation. It ig clear 
that the stuaent was here inwklng a heuristic "Parallel" — 
the idea that the "ef^^ect" of a "force" Is a rtisplaeenent 
in thm "direction" of that "force", (7he direction in this 
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speclflc case is a screw sense). The stiadent had selected 
an alforithni which aould be fojnnally stated as 
Twisting Force X Time «■ ABiount of Twist 

fhls particular algorithn is appropriate to a high Miction 
environment such as the domestic arena of a young child. 
It is essentially an Arlstotlean algorithm - part of a physics 
where forces "cause" dlsplaceinents in velocity, m order to 
help this student debug r constructed an argwnent Involving 
the same heuristic (ParRilel) and patently presenting a 
choice between Mewtonian and Arifitotlean algoritlunB for 
farces t 

Consider a eannon firing at a target (dravn a 
aehamatlcallv from above in Fig. (il) 
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) I Impulsive 
I 



Ariafcotlaan Algorithin Newtonian Algorsthin 

Pig (li) Daahad line is the uiiperturbad trajactory of a cannun 
bali# Datitad line denotes nev trajeatory after applicatiDn ol 
an impulsive fcrca according to (A) Arietotlean Algcrlthm, 
(B) Newtofilan Algorlthni. 

Suppose just as the cannon ball emerges froin the barrel 
it is givan a short sharp knock. Then , in accordance vith the 
expectatic^n portrayed in fig* • of generalized impulsive 
forces causing a spatial displacement In the direction of 
applicatii^n the ball should be deviated as shown in fig» (ii)A* 
Now of cQUrsa what actually would take place is properly deroon- 
strated xn fig* (ii)B - ^ the effect of the impulsive force is 
to give the ball a tranaverne aomponent off momentum to determine 
the subsequent trajectory of the ball< Returning to the flywheel 
problem I it likewise follows in formal terms that the effect of 
an impulsive torque about the vartiaal is to produce angular 
momentum about the vertical # which has to be compeundad with 
that pre-03cisting* 

15 



Thia point im well ihade by a drawing such as Pig. (lil) * 






Fig, (iii) 



In this figure the original and the additional (angu- 
lar) momenta are shovm as screw senses on the sides of a box 



containing the flywheel. But these two screw aenaes - ^ eom* 
pounded in a Newtonian way (algorithm) * - must be just th# 
ptojectlcin of the resultant i^otlon off the flywheel t go * « 
imagining arrows drawn on th^ flywhaal showing rotation sens# * - 
one deduces that the flywheel * - having suffered the impulsive 
torque (double arrows in the figure) - changes its plane of 
motion I the new projection of the flywheel is shown in fig (ili) 
as the straight line CD. 

In sunmaryr my first concern as a tutor was to aid this student 
in debugging the heuristlQ (Parallel) he had sought to Invoke Cor 
the processional problem « {Compare computer progie^aming s one has 
to debug the prograins one aetually writes i on the other hand it 
pays to learn of other programs) , Confronted with this student 
a tutor espousing a different strategy might have replied i "Don't 
look at a wleel like that, t-ook at a wheel as composed of little 
parts, ^ina consider the effaet of the applied foroas on each 
little part ..." This parfcieular approach invokes the heuriatAo 
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" Divide and Conquer" (disciisse^ later in this paoer) an<^ it 
is well for a student to see a "Divide ^n^ Conquer" approach ic 
a tantalising problem i howaver, to repeat, in line with the 
above described Ttioflel for prohlen^ solving sttentlon to the 
flebugging of a heurlgtic is paramount, and would be a tutor's 
first concern. 

Physios prohleris depend on a small nOTther of heuristios 
spealfio to physios. In this paper we are to discuss just 
seven of these heuristlcB i 

Poxmula Crmik 
To Paradigin 
In Tot© 

Pibra /Capillary 

Add Pffeets (and .Subtract effects) 

Divide and Conquer 

Prceess 

In this list '•Formula Crank" ii none ether than to apply 
the Formula Cranker's Model of pfobletri solving, the other 
heuri sties are desoribed in Section 2, For the mon^ent it is 
important to note just how few there are, and that in my teaching 
itrataqem, explicit names are given to each heuristic. Now in 
the Polya strategem students gain "ffaTnlliarity" with a particular 
heuristic Hy applying that heuristic to a range of different 
prohlenis. Tn my strataflfem this is also done, but much stress is 
laid ©n applying different heuristios to the same problem — 
to stimulate the debugging of the^^ heuristioS i Aid also to 
overcow© what I oall Magic Key thinking — the idea that there 
is just one way of looking at a given problem (a unique heuristic) 
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vTuPt what are these heurlBties , and how aood are they In 

practicf^? nectian 2 is t^evoted to deaineatlna these sijc 
heuristics, and showino their application to the snaring of the, 
Draqon Milko of Fig. (iv) , Section 3 shows how four of these 
heuristics rfoti-vate alCTorithms that successfully anare tha 

Draaon "Jugglo" of Fia. (xvi) . This dlscusBlon of Sactlon 2 and 
3 will prove of value to any teacher who wishes to disciiBs the 
two nracTons, Filko and Juofcilo with students — usino the 
tutorials as hetjristlcs dehugging scenes where the tutor is 
e'/uipped to guiae an illformed but not heuristically mlBgulded 
student foray at these nragons. In Section A the teaching 
strataqpin presented here is reviewed. The Appendix shows 
the application of the theoretical ffrarnework of this papar 
to aspects of the intellectual developnient of children. 
The "debugging of a heuristic " is thereby demonstrated In a 
simple setting, various heuristic morals are drawn, 

2. WILKO 

Preliininary Remarks 

The problematical Dragon "Milko" of Fig* (iv) Is reproduced 
from mv compilation "A Dragon Hunter's Box", Please read the first 
paragraph of this Dragon. I have posed this problem to many 
undergraduates, graduates, engineers and profosaional 
physicists, Invariably they jumped to the conclusion p ^ p», 
V'hen informed that this was the canonical wrong answer, a line 
of argiment often developed which wafle plain the heuristics 
invoked, and the dehug routines, caveats, and warnings that 
were aseociatef^! with particular heurietigB , The later paragraphs 
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this Dragon coatain a measure of suggestion and counter* 
suggestion designed to provoke such an analysis by the readex . 

So • . . what heuriatics are there for snaring "Milko, and 
just how is it dona? 




* A mk hertte ^h¥^ to itewl se 



oii *i6 has^^ arma A, teii^ w/a re- 



atdy bsbvv the ertam H \em iMn whof 
if was elf Inf ievd ^feie^^fntioM. 



de^i^ P. After wflfiiM ffie W^dL ^■ 

and 4.^ wliieM seacpy le^i/mfr iT, tfrd 
mtutiwiyf aa wtdicated, vvtieie _n_t 

MoHigMwiffdciM: "'DieA ore h&^^mt 
buiN ftfBs flslinj flftw- sriowitieM ; rtte 



w.b.^. iakm life *vCilK ih ceiHws. 



tig (iv) Reproduced with pefmlssion from H.A. Cohen "A Dragon 
Hunter's Box", Hanging Lake Books, Warrandy te , Victoria, 
/vustralia (1974). 
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In To to 

The heuristic "In Toto" smbodies treating the diverse 
parts of a physical system as a single system. In the text 
of "Milko" the statement of the "woulj-be physicist" suggests 
that the w.b.p. - - like may first exposed to this Dragon - - 
has adopted an "In Toto" viewpoint and applied an elementary 
statics algorithm to equate the total gravitational force w 
to the product of base area A base pressure. 

On being informed that they have given the canonical 

wrong -nswer for "Milko," "In Toto" ohampions - - who have 

treat ■* the milk as a whole - - tend to 

a) Check whether they have included to much in the whole 

b) Check whtither they have included too little In the whole 

c) Switch to "Divide and Con'juer" viewpoint. 

The routiner, (a) and (b) are debug routines (or part of debug 
routines) associated with the "In Toto" heuristic . (c) is what 
I'd simply call a flag, or pointer to an alternative heuristic. 
Of course the more skillful problem solvers are more effective 
in invoking the above (and other) debug routines. 

Debug routine (a) suggests to check what was included in 
the quantity Wi and clearly it was the weight of the bottle, 
so that w/A is the pressure at the base of the bottle at the 
glass /table boundary. At this stage there's a strong induce- 
mcnt la switch to "Divide e;nd Conquer" and check whether the 
pressures above and below the glass base of the bottle are 
equal or not . (See the dif,cussion under the heading "Divide 
tind Conquer" . ) 
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Dfebug routine (b) leads to the question "is the milk 
.u:iily just sitting there with just the farce of gravity and 
l.-se pressure (times base area) hoJding it in place?" Thit 
Itiads to the more particular question as to whether the side- 
wall pressure forces can have a net vertical sum. Mow side" 
K'all pressure forces don't cancel - - at least they do where 
Iho walls are vertical - - but not where the bottle walls ar. 
.hHuting. AS indicated in fig (v) the reaction forces have a 
.ifet downward sum X when the contents are homogeneous, X' afti=. 
separation of cream. 



A 



4 



Fig(v) Sketch of wall reaction (pressure) forces acting 
on the contents of a milk bottle, 
the usual statics algorithin, 

pA a W + X , p'A ^ W + X' 
'hun the milk separates, the density of liquid In the neck i 
tvss, so that pressures in this region are less, so that the 
urn of all the sidewall reaction force is less after separafi. 

X' < X 

irtd hence the conclusion p'< P. 
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Dlvide and Conquer 

The Heuristic that I've called "Divide and Conquer" exhorts 
one to divide a phyeical system Into a number of parts, and to 
solve tha various sub-problems before asseinbling the component 
parts and the corresponding aub-probleins. The example of this 
heuristic applied to snare JUGGLO is rather more cogent than 
what we do here . 

We taka as starting point the calculation of pressure below 
the base of the bottle presented above (See In Toto) . Break 
the bottle into the parts shown in fig (vi) , 



Fiq (vi) 




The vertical tension in the sidewalls of the bottle is easily 
overlooked. By considering the equilibrium off the base one 

deduces 

W ^ pA - T , M ^ p'A - T' 
where T, T' are the (corresponding) vertical sums of the side- 
wall forces at the base. By considering the equilibrium of the 
sides of thu bottle, one deduces that T (T') are exactly can- 
celled by the vertical sum of the forces due to liquid pressure 
acting on the sides, i.e. 

T «X , T' ^ X' 
where X(x') is the same qu.mtlty as detennlned in the "in Toto" di 
^(-•ussion. Thence, on comparing X and X', one deduces that base 
i^Sresaure is less after separation, o'^ d. > rSa^^^^^^ - 



Formula r'rank 

'^he heurlBtlc "Formula Cran^" involves the applicatirr of 
what in th^ Introc'uctlon was callf^d the ^oriTiula Crnnker*H Model 
of Problen i^on^^inq. To illustrate the potency of "Formula Crank 

T will repeat an apocryptal Rtor^^ about ^evnman ant' his 
early ^-nrk* Tt appears that in a ^iRcusBion Jauch informed 

FeynFan of the 1^31 paper of Dirac whlc>^ showed that there 
was an analogy between unitary transformations in ouantuw 
mechanics and the exponential of ^ where ^ wa,q a classical 
auantity* T^^hereupon there and t^en FeynTnan proceertec' 
to manipulate the "analocfOUB" claBsical eKpressions as thouah 
they were the auantum mechanical unitary tran^foCTiations , 
vielf^ B first crude version of what was to become his important 
"Space Time Formulation of Quantum Mechanics", Clearly th » s 
was "Formula Crank" motivated work — but i^eynman had 

to call upon all hlR intellectual resources his elaborated 
(debugged) heuristics — to make a mass of meaningless formnlae 
into an important elenent of modern physics. To Illustrate 
the imootency of "ForTnula Crank" by itself here is how it 
might be applied to KTLKO* First to recapitulate the 
discussion of the Tntroduction# A Farmula nranker will take 
recourse to other calculation of base pressure, as of the 
pressure at base of one's shoes # to calculate a constant base 
pressure 

in teCTti of the weiaht of contents of riilk bottle and base arc jl. 
If the validity of this result were eruerled, what could a Formula 
Cranker do? Very little , observation nuggests. The weakness in 
Pormula 



Crank" is that there is no ifeana to debucr a solution other 
than relatively capriciously selecting a new algorithmt So 
as a next itep, conBifler the application of what might be 
blllefl as the most comprehensive alciorithiti for calculatinq 

presRures f the formula 



whFro the sumnation is other layere of length h^ of material 
of density p^^ We apply this formula to the simplified 
shapG "mathematlca] milY bottle". For homogenous milk base 
pressure ii 

This algorithm isn't enouqh, Consorvation ^Iqorithm yields 

where by geometry these volumes are given in terms of areas 
and heiefhts by 

T«Thence such formulae as 



P (h^ + h,) CP^V^ ^p^^ 

From this formula it is clear that p' is it but it takes a 
measure of careful algebraic manipulation before tte barest 
crualitative features emerge. In contrast ^ consider an "In 
Toto" ivotlvated atteek, iee Fig. Cvil) ^ in which the arrows 
indicate the wrtical forces acting an the contents of the 
O "iregular" milk bottle of th# math@m«ti€iftn. a 



Fig (vii) 




» 4^ 4^ 



For hoiroGenoue milk , ,„ , „ % , - ^, 

« T.T + (p^ ~ a^)hj^peT 
For stratified milk, creeurn in voluine V^, "water In volume 

4) 



In this case^ as creain is lighter than wilk, 1,8* < it 
follows that p' < p* The point beinq marte is that in an 
araument motiif^ted by th# heuristie "Tn 'T'oto", the Alqorithni 
gats marshallaf* is interpretahle and therefore undar control 

A Formula CranJer needs Tnathematical skills of biah ©rdar to 
orcfani^a an elarnantarv physical ealeulation. 



Coluims (Reduction Davica A) 

The hauristio "Fibre" is a valuable Drohlem solvlnq idea 
utilised by Galileo in his "Dialecruas ronoerninq 'Pwo Mew 
Sciences" . '^^ Galileo imacrined a solid beam to ha coinposed of 
parallel fibres, or #llMnants# afffactivaly independent, the 
total tansila load carried by the bean! being the Bum of the 
tensions in aach filament* ^^hat must be stressad is that 
although Galileo talked in terms of beams, which often are made 
of fibrous material (wood) , his discussion was intended to 
apply to beams of any solid material , so that the fibrea 
are truly fiationSt In fact Galileo mentioned stone beams 
in his dlBcuasion^ Galileo used '•Fibre" skillfully and was 



probably aware of such caveats to hm attached totihis 
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hGuristic as that one inueh eheck that it's a reasonable first 
fipproxlination to consider the fibres independent* 

heuristic "Colijuwi" is very closelY relates tc "Fibre". 
One might say it is merely ''Pibre" appliad to fluids^ so that 
it is the very same heuristic, "Coluim" suggests that one 
analyses pressure differences in fluids by eonslfl#rtng the body 
of the ^luid to be made up of cylindrical colmnng, Wie caveat 
of non-interference between adjacent fibres/columiis is still 
relevant here. In the next sub-section we "V^ill dlsatisa further 
the issue as to whether Pibre/Coluflm are two heuristics or one. 
For the moment ^ lets consider a particular aoluiTUi approach to 
Milko* t<^e'll present not only a successful solutloi^ route along 
which "Columns" will pull a Statics Algorithm « but ^e^ll 
also note one of the cul da sacs* 

Consider the two fluid columns shown in Ftg*<^ril)^ one near 
the axis and the other well off the axis. This siiggests a bug— 
it appears at first that the pressure must differ alaiig the base 
of the milk bottle " as the two columns are of difffarerit heighti 
!?owever this bug arose by ignoring wall oressure. By considerinfr 
the static ecruilibrimn of a horizontal fibre (eoluim) of fluid 
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it is possible to convince oneself that in fact there is a unique 
base pressure, it remains much easier then to consider a column 
about the axis the bottle, ^o calculate the base pressure., 
there are two cases; a) Contents homogenous mllki pressure p 

b) Contents strati fiedi pressure p' 
Consider central eolmnns, on base area Sa, in the two cases. The 
density of contents coluiwi (b) is leas than that of column 
(a) — as basically (b) has an excess of creams Expressinq 
this evaluation in terma of weight j, 

pfiA > p'6h 
or p > p' 

That is, the base pressure decreases after separation. At this 

stage of the calculation, one might return to examine the fine 

detail re the two colmnnB a and b to realise that we have 

ignored side forces i no matter if sides are vertical as these 

forces didn't contribute to the sums considered, in fact the 

prime heuristic massage to be learned from this calculation 

could be suinmed up in the following heuristics 

A: "Select a thin vertical column that does not intersect any 
sidewalls" 

A is one of the Problem Reduction/Algorithm Selection navices 
associated with the "Column"" hfeliristic. 
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Colunms (Reduction nevice B) 

T»:e«v already suogasted that the preceding application of 
rolvunns amounted to an application to a hydrostatic context cf 
the "Fiber" heuristic. However, the special convenience of the 
central column of Fig. (vlii) is not its thinness, but that 
havincT vertical sides, the thrusts on the walls of the column 
had no vertical components. Po that it's natural to consider 
columns of verv large cross-sectional area In hYarostatics . 
^11 will oo well, unless the column hits a PlantlnCT wall. 
This Is a bit of a nuisance (bug) , but there is a way out as 
detailed below. But in debugging "coluiwis" to motivate a 
solution like that presented below — the eonneetion with 
"Fiber" is getting a little remote. Thus one should say 
that originally "Column" was just a portion of the heuristic 
"Fiber" but ultimately, with elaboration (debugcring) It assmnes 
autonomy as an independent heurlatie — Dossessing a core common 
with Fiber. This is a very important oroceBS in Intellactual 
develonment that T term ranlicatlon of heuristics i the mother 
heuristic spawns a daughter with many eoMmon elements. However, 
the idea of replication is part of my more elaborate 
psychological model of problem solving — and its presentation 
I do not see as part of the teaching stragem I espouse, 
certainly If the sort of application of Columns presented below 
is as far as this heuristic is elaboirated, the solution 
given is still reasonably conceived as motivated by "Fiber" 
debugged for hydrostatics. 
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tmt VLB make the theught eKeerimant of ©nalOBlnn the irtilk 
bottl© In a cylinf?M, ihr^ri^ig thf^ nmm ham, as In Fiq*(jj>. 
(mr aim is to revues th© WMn pjroblam to a disGUEglan of thm 
prc^ssure at the hasa of odlitmns standing on the base of fh - 
milk bottle, .Suppose that in the pase when the nil Ik botti s 
oontainB howoasnoui the spaoe euteide the hottl©, but ins ^ 
the cyiinrtar is filled with n»ilk to the Bamm leva! as wit^i^ 
thm bottles the volms ot loilk entr rior to the bottle we oall 
^eKt* Ukewisef in the ease when the milk has peparated 'nto 
aoiT^onents of density ej^Caream) , and ^2 C^namless milk) , supposa 
the eKterior volume ^^^^ within th@ blinder is filled to 
eorresponf^ing leveln with €r#am and oraamlosa milk Csee Win* IM) ^ 
The presanoe of the bottle standn In the way of a ••Colwns* 
motivated algorithm, but we ean ^ufltify iqnorino its presenoe» 
Binoe preasure depends m depth alone, the pressure on eaoh sicf# 
of the battle is the sfime, so that the pressure at the base of the 
bottle, p (for homogenous milk) p* (^er stratified <sennrated) 
milk)) is maffaoted if ene rei^v«i the battle walls, but leaves 
the fluid om tents just as they wen. thei oonsiMrin? the 
statie aquilibri\^ of the eoliW^B standing ra the b^se areu 1^ 
of the bat^e me has 




Tn thesfj eauationa W If tho welqht of the aontents of tha bottle, 
^l^ext^ lo the^ wolcrht of th^ fluid in the sKtarlor voluma* this 
fluid belncy preclominantlv aroan^ Henc@ w© seo at onca that 

p > p* 

Tn suji^sryf the oignificrant driving mptivG in prortueing the 
ahovii^ fieri vat ion is tho "Coliimn" hougistio m lent le ©sly 
Applied to oniable consideration of a veirtiaal toX^oti ©f fluid 
stanfUnq on the bottl© base araa. This is m etl'iking ©HMiiple uf 
more sophifltiaated prohlmm refluetloni briniTing to light a 
Problem Reduation/Alaorith ieleotion Drnviam whieh wa denote by 
which is roughly as follows i 

Hi ThooB© a vortlaal ealiain with an ''Interesting** basdt 

f>f«mnve inti^rB©atinq wallfl whilit rfitainlnq fluid aquilibrium** 
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"Add Effect a" 



■^^"^ !lSH£i£JiiS "Add Efiacts" ancapsulatea the idea of 
(Independont) causes having an additive emnulative efrect. a 
verbal formulation of this problem aolving schemata would be: 
"If X cauoes effect 
and Y causes effQct W, 
then X + y causes effect E + F." 
To impjamanfc "Add If facto" in a given problematical situation 

one roust aavise or select eruantitlea that can meaningfully be 
17 

added together . in fact one aspect of the evolution of the 
field concept, and vactor and tenser notation, of classical 
electromagnetic theory was the devising of a formalism In which 
"Add Effects" was raore or less "built-in," as is especially 
exemplified by the "principle of superinposi tion" for fields. 
Likewise "Add Effects" is explicit in various additivity rules 
and Implicit in the formalism of ail those theories of physics 
characterised as linear. It is an enlightening struggle to 
make an ••Add Effects" foray at the Dragon MILKO. 

In "Layinan's Physics" it "a the creao and milk minus oreara 
(which we glibly term water) which "cause" the pressure at the 
base of a milk bottle. A little more formally, if the effect is 
additive, one would write 

^ ^ P cream + ° water 
and a like expression for the base pressure after separation, p». 
Now the total amount of cream is unchanged after separation so 
that i£ quantity alone determines pressure, then 

^ 'cream ^ereara Cfalael) 

...31 ■ • 
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P* water = Pwater ( false 1) 
iuading to the canonical wrong answer, p' = p. A more recondite, 
cjnd equally false, version of this argument recalls that the 
total pressure of a gas mlKture is the sum of the partial pres- 
sures of the components, so that on (mis) treating the components 
of mill; s,'\ gases, one deduces a afcrict additivity o£ effect as 
above . 

The obvious bug in the above discussion is that distribution 
must be taken into account. i?or the mowant, we simplify the dis- 
cussion by only dealing with the regular shaped "mathematicii'ins ' 
milk bottle." Then in accord with "Add EffectB" one envisages 
milk as the superposition of cream of density PiViiVi +v 2)"^ 
and of milk minus cream « water, of density /®2^2 ^^1 + Vj)"!, 
both cream and water being dispersed throughout the total volume 
+ Vj. Then 

So that by "Add effects" 

The heuristic has worked beautifully for milJc. However, when we 
turn to calculate via "Add Effects" the base pressure after sepa- 
ration, we run into that super bug mention in Section 1. To Imple- 
mont "Add Effects" one needs to Imagine that (as is shown in fig (x 
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a "presMure ether" of zero '^ensitv fills up enotv aoaceB, an^ 
transmits pressu.rag so that one can calmaate the new coinDonent 



water 2 '2 



Thus 



If 



creaiT' crc-am 



Pfnilk " '^'milk 



" ^i^i, » h^A,, where < A 



'2' 1 



2"1 
1 ^ "2 



'^l"2< = 



then 

Thus as water is (denser than cream, we have 
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Thus, for a "mathematical milk bottle" we have established that 
the base pressure (p) drops to the value p * after Beparaticm of 
cream* Presentation of this more sophisticatef3 derivation to 
students leaves for them the mere puzzle of extending the deri- 
vation to milk bottles of convent onal shape. In fact the argu^ 
ment givan abo^e applies at once to a cor^ventional bottle provided 
crciim/milk voluaTies and vertical heights satisfy the inequality 

V^^ - ^xh2 > 0 

i.e.., -2 

■'2 "1 

which is a requirement on the average orcss-^sectional areas. 
^'Subtr act-Ef facts " 

This heuristic is coneeived by the writer as a variant of 
"Add Effects" discussed above* h "Subtract-^Ef fects" motivated 
calculation of the differences in base pressures ^ P ^ pS is 
outlinec^ in visual terTTis by Fig* (xi) , Now in this figure we 
have not introduced a "pressure-ether" - - but the lower volume 
V2 of the mathematical milk bottle now contains a liquid of 
negative density! 





Fig (xi) Schematic outline off "Subtract Ffffeots" 
^ motivated attack on MILKO. 
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Procesfl 

"Procaas" is a heuristic of gre,-t power which involves the 
notion of a state. From the "Process" viewpoint, a problem is 
concei^'ed as devolving on a transformation, like so 

(State A) 4 (State B) 

or, in short hand, A B. in terma of the parameters that define 
a state, the transformatian is 



The key problem solving idea of "Process" is to devise some 
(possibly fictitious) state X, for which the transformation rules 

A > K ; X ^ B 

are well established, so that one can readily compute the transfor- 
mations of parameters, 

(a^, aj, 83, , . .) (xj^, xj, X3, . . .) — ^ (b^. b2, bj,...) 

What has been presented above is a very sophisticated and formal 
description of "Process." In fact the present writer first iden- 
tified this heuristic as being potent in thermodynamics and spe- 
cial relativity and conceived of this problem solving idea as 
being used and developed only by advanced students. However, in 
September 1974, 1 was flabbergasted to observe a five year old. Loo, 
use this very same heuristic . At the conclusion of a classic 
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Piagetian interview described in the Appendix^ Leo was asked s 
"How would you explain to another child whv the Pepsi 
(poured trow a gauat beaker) rises so high after 
pouring (into a narrow cylinder)?'' 

Leo thought intently for a few seconds, then anewered^ 
"The sides are pushing the Pepsi up". 

Leo placed his hands apart and forward, then brought them 
together as he saia this. It was clear in context that he had 
invented a fictitious "state Xi in which the tall cylinder 
had the same diaineter as the (squat) beaker, and therefore 
would hold its aliquot of Pepsi at the same level as that in 
the beaker, Leo's sKplanation entailed the transfomation from 
State At Pepsi in sauat beaker 
to the finnl state 

State Pepsi in tall narrow cylinder 
via the fictitious Ptate X, 

Looking at the Dragon MILKf) in "Process" terms, one 
perceives this Dragon as involving a transfownation from 
State Til Homogenous milk in milk bottle 

to 

State B; Stratified milk in milk bottle 

One oan-t cOTtpute the alteration in base pressure -^-^ i.e,f 
D„ - ^ P^'P* directly after all^ this is the problem of 
thi^ Dragon, Yet if the neck ©f the milk bottle were rubber* 
or were hinged somehow, and the bottle transformed into a 
cylinder it would be easy, in fact trivial, to eomputa the 
base pressure change after stratification by reference to the 
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State Xi Homogenous milk in cylinder 
State Yi Stratified milk in cylinder 

In a cylinder the only vertical forces acting on the fluid 
contents (of weight W) are gravity and the base pressure acting 
over the aren so that 

The additional base pressure in state a compared to state X is 
due to an additional height D of milk so that under the 
transfoCTiation A Xi Pj, * p *- ^/^ = npg 

Likewise: Y ^ Bt Py * ^ ^^/^ p' ^ - Opj^g 

Hence 

P ^ ^ Pa " Pb ^ ^ ^1^^ 

which is positive as creOTi density Pj^ is less than the density 

P of milk, T^his "Process" argument is illustrated in Fig, (:Kii) 




State A 
HomQginous 



State X 
HomQgenous 




State Y 
Stratified 



State B 
Stratified 



EKLC 



Fig (Kii) "Process'' applied to >'ILKO. The sides 

of the milk bottle are drawn as hinged. 
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it's worth noting an unsuccessful "Process" motivated attack 
on MILKO that a number of students initiate. Suppose the milk 
bottle is connect near its base with a vertical cylinder, as 
drawn in Pia. (vili ) . The level of homogenous miljc is equal in 
the two branches at the initial state. Subaequently the milk 
stratifies; however there are unequal lengths of strata in 
the two connected vessels, and there is no convenient interine- 
diate state. 
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He le^mt tW^r ftie bridge' wm bc^irely ^-troiig 

jw^t two ^ Hi5 jwggliVg Mte 

^K^, vVii^ ttiree baU. By cwsT^nt jugg- 
There al\my0 im bwB ftie^ii^ 

pi^ He ^eack t\ne other ^fate ? 



^ir* (xiv) ^he nraann ^fVCrj.n^ Ranro^nnnf^ with perrnission 
froTT lUA. nnhen i "7^ ^r^^nn Hunter'^ nny" , ITanninn Lake 
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The dragon Jugglo of ^ia (xiv) is a superlative Fermi probleni 
that appears to have been first posed sometime in the last century. 
On being exposed to this Dtagon a typical La Trobe undergraduate 
will answer firmly "Noi" With aome coaxing he will recount the 
thinking that lead to this conclusion. A typical response - ~ 
vory much refined for these didactic purposes - - goes like so: 
"The bridge has a safe load of Mg + 2mg and presumably will 
collapse if this load is exceeded. It's supporting a Juggler 
and 3 balls of total weight Mg + 3ing. The balls are in the air 
sometime, and the juggling details are too horribly complicated 

even to envisage but the real point is that you've got a whole 

system (juggler plus balls) of a weight which exceeds the critical 
load - - so that the bridge oollapses." 

Vhe basis for the correct "physical intuition" - - the response 

"No" as rovealed by such verbalising lies in the mechanical 

Implications of the heuristic "In Toto." 

However, if the tutor reforinulates Jugglo, supposing that there 
are only two balls in all which the juggler is tossing on the very 
same bridge, incorrect solutions are Gommon, if not so invariable 
.jr. in the case of MILKO. 

Now to get down to the slaughter of JUGGLO. Here are four 
diEferent attacks - - named in accord with their dominant heuriatic . 
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In TQtQ 

We previously diaaussed the haurlstla "In Toto'' as applied 
to the Dragon MILKO* A familiar application of this problem 
solving sahama is to the description of rigid bodies where the 
concept o£ the center of mass is introduced. To apply this idea 
to Jugglo involves considering the system of Juggler (of mass M) 
and N balls of mass m as a single object of mass H ^ Mtip 

Students often adopt an '•In Toto" viewpoint to examine 
JUGGLO - - a but in midstream seem to switch heuristic - - 
following the flag 

Cc) Switch to Divide and Conquer Viewpoint* 

It seems that there is a particular debug routine attached to 
the "in Toto" frame 

(d) Check the relation of the parts to the whole 
that is easily confusable with having switched to "Divide and 
Conquer *" In fact we use such a debug routine (d) to extend 
the fairly crude "In Toto" argument given above to the following 
polished attack on JUGGLO. 

How do the component parts of the whole JUGGLO system inter* 
act? The answer is reassuring to the "In Toto" champion i the 
"internal" forces between the components are equal and opposite^ 
and therefore of no consequence in considering the motion of the 
systam in tenns of the behaviour of the centre of mafis« The 
varioua "external" forces, including the (upward) reaction of the 
bridge R| have a stun of magnitude. 
R - (M + Mm)gk 

where k is a unit vertical (upwards pointing) vector. The center 
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of mass of the systera moves up and down a little, about some 
average position (or perhaps remains stationary). Consequently, 
if at any instant the center of mass is experiencing an upwards 
acceleration, then at that instant 

R ^ (M + i«n)g. 
Thus even in the case of two balls (N ^2) , if the center of mass 
of the systera comprising Juggler and balls is not stationary, then 
at some instant there will be a not upward acceleration and the 
bridge load limit will be eKceeded, 

Divide and Conguer 

A "Divide and Conquer" approach to a problem is to break the 
problem into interfacing problems, each of which is solved in turn. 
Applied to JUGGLO this heuristic would naturally lead us to consider 
separately the dynamics of the bridfe, the jufgler, and each of the 
three balls. Now the bridge is Bpecifled as capable of Bupporting 
a maximum load of (M + 2m)g - M being the maia of the juggler and 

m the mass of the ball. The first subproblem the juggler - - 

is easily analysed to deduce that the maxim force the juggler can 
exert on one (or more) balls at any Instant is 2»g upwards. The 
next subproblem is the motion of one ball, ball 1 say. If at time 
t ^ 0 the ball is released with upward velocity v it will rise a 
distance (v/2g) in time v/g, and after a time lapse of 2v/g will 
return to the altitude of release, but now with downward velocity v. 
If caught at the same height as when released, then Cpreauming the 
juggler has no other balls in his hands at the time) the juggler 
can apply (maximum) upward force 2mg on the ball, so that the net 
force on the ball is mg upwards - - leading to a symmetric reversal 
ot the motion as per Fig jxv) . 4:2 
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Attitude 




.Time 



Fig <xv) Possible motions of two balls tossed by the juggler 
In fig <xv) we've drawn not only the altitude of ball 1 assuming 
release and capture of this ball occur at a constant height, 
but also a permitted motion of ball 2. Clearly in accord with 
this analysis at all times the juggler is applying the maximum 
allowed force so that there is no possibility of him catching a 
further balli there can be no Ball 3 without exceeding the 
bridge load limit. 

The chief virtue of this "Divide and Conquer* attack h is 
the very detailed infonnation derived as to an acoeptable juggling 
style for two ballsj if the greatest height reached by a ball was 
h (a V /2a) above eatehing level (markert 0 in Fig (xv) ) , the ball will 
a further h encased in the juggler's hand and then be brought up 
to be released at the catching level whilst simultaneously the 
second ball i» caught - - possibly with the other hand at a differ- 
ent altitude - - after the second ball has likewise fallen through 
h. 
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Dlvide and Conquer ("Time Average" Algorithm) 

This approach to JUGGLO le also motivated by "Divide and 
Conquer." However, the trick of taking a time average (such as 
is often done in statistical mechanics) is used to get rid of 
uninteresting dynamical detail. 

Consider the equation of motion for ball a; 



m4f " -mnk •♦• F ,(0 



where as clswhere k is a unit vector in the vertical direction, 
and Faj (t) is the force applied by the juggler to ball a at 
time t. integreting between the limits t = Oto t -T, 

mv^(T) - mv (0) - -mgTk + f dtF .(+) 

Jo "^J 



Hence, the time-averaged value of the force F^^ is 



~ mgk + mv (T) -mv (0) 



^ I \ I / ^ mvjis T III V 

Tjp r ' 

Provided this ball isn't dropped, the numerator of the second 
term on the left Is bounded, bo that over an extensive duration 

the time of F^j is 

Summing the forces on the juggler, and then considering the load 
on the bridge, gives for the time-averaged load on the bridge in 
the case of three balls, 

^fi^=* Mgk + 3mgk 
which exceeds the prescribed limit. For two balls 

^R^- Mgk + 2ingk 



Hence, if R is constant^ the bridge is just safely loaded, but 

if R varies then at some instant it must exceed its average value, 

"Add Efffects" 

In aeoord with the heuristic "Add EffeGta" we conceive the 
load on the bridge as being the emulative (additiva) effect of 
each of Jugglo, and 3 balls, teated separately* Thus the bridge 
is "held responsible" for on the average keeping each of these 
four objects above the bridge. The Juggler needs Mg to stay 
more or less where he is, and likewise each ball requires an 
external force of average mg to be on the whole uninfluenced by 
gravity. Hence the safe load is exceeded by a Juggler tossing 
three balls. 

This informal discussion under this heading differs in small 
but crucial emphases from that given under the heading of *'ln 
Toto," The formal mathematical araument motivated by "A^d -Facts" 
Is likewise similar to that given above under th^ heading "In ^oto". 
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4- CONCLUSION 



We have shown how a diversity of "solutions" to the Dragons 
MlLKO and JUGGLO depend on just a limited number of problem solving 
schemata called heuristics . The core idea of these heuristics is 
probably acquired in childhood, but during intellectual develop^ 
ment a coterie of debug routines, caveats, flags, problem trans= 
formation and reduction, ideas become attached to each heuristic. 
Knowledge of very specific skills termed algorithms is also linked 
with particular heuristics . 

in order to promote student self -awareness, of the processes 
involved in their own intellectual development, and of the evolu- 
tionary character of the formulation of a solution to a formidable 
problem, a teaching stratagem is proposed with the following facets.- 

1) specific discussion with students of the model for problem 
solving and for intellectual development presented here. 

2) The posing to students of really formidable challenging prob- 
lems. Of which the two Dragons discussed herein are instances. 

3) The discussion of student forays at Dragons with students in 
order that their own attempts can be interpreted in terms of 
the theoretical framework provided by the concept of the elabo- 
ration of heuristics . 
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•i^his paper had its oricfins in the racor^ina of a larcfa nmnber 
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and eolleacrues who particioated T aw indeed 0ratefnl# T'he 
Division for J^tudy and Peseareh in Education at M.I.T. nrovidi 
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^irst draft i X would thank Prof* t4t^*p. Martin -^or the invitat 
and suoport of the riivipion* ^t in a pleasure to reeall the 
special ^timuJu^ of diseussion^ with ^evF»nur Papert and Marvin 
MinsVy at frar^bridcre and with wenrv Krips at Melbourne. 




Appendix 

This paper as a whole has been concerned with the develop* 
ment of problein solving ability in physics * However the teaahing 
stratagent I espouse is based on a theoretical model of Intellec- 
tual development that has far wider gM^it* In this Appendix the 
modal is applied to give an SKplication of certain aspects of the 
intellectual development of children^ by showing how it interprets 
some of the data obtained in the "protocols" (transoripts) of three 
Piagetian experiments « 
The Egg and Egg Cup Experiment 

In order to answer questions as to whether some guantity is 
greater or less than another r the typical child uses such heuris*- 
tics as 

Hi. Greater extent means more, 

H2. sparseness (greater gaps between elements) means less, 

H3. Counting you if more or less. 
The hauristic H3 is only suitable for very small sets because 
of a child's limited skill at counting. The sorts of situations 
wh^re a typical child of five years gives the correct answer to 
questions about quantity ar# shown in fig(vvi), A being what we 
term a paradigm for HI, while B is a paradigm for H2, It is 
noteable re these two paradl^s that only one heuristic is applic* 
able to each paradigm i but what happens if a situation is presented 
to which both heuristics are applicable, and give conflicting con- 
clusions? In one of the classic "conservation** experiments of 

.12 

Jeah Piaget , the egg-cup experiment^ children in the 4 - 7 years 
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(A) ARARADIGM FOR HI 
'Greater mtent means more* 
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(C)The egg cup experiment of Raget 
Fig (XVI>,; 
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age group are set suah a pu^^le involving a clash in their heuris- 
tics* As indicated in fig (KviC) If such children are shown a 
line of eggs in egg-cups, where the aKtent and sparseness of both 
the eggs and the egg-cups are the sam^f then in answer to the 
question ■•Are there more eggs or more egg cups?" the typical 
child (4-7 years) answers ''Mo the same«" However, if these eggs 
are in full view of the child removed from the cups * and spread 
out in a longer line than the line of the cups - then the situa* 
tion is one in which Hi and H2 give conflicting assessments to the 
repeated question* However , for the young child # HI is in some 
way tagged as primary or more important * for, as indicated 
below, HI describes a great range of altuatians where such 
evaluations are sought. So the typical five year old will now 
reply "Of course not*" What distinguishes the seven year old 
from the typical five year old? Possibly the seven year old has 
acquirsd a heuristic such as 

H4. Relationships more than or less constant in time* 
which certainly doesn't adequately describe the contents of a 
cookie jar but nevertheless is a valuable heuristic* However the 
mere addition of H4 to a child's reportoire won't necessarily lead 
to the correct answer to the repeated question of the egg egg-cup 
experiment. What is needed is some caveat like 

H5* In case of conflict between HI and H2^ us© an historical 
heuristic like H4 * 
The addition of these * - or some such " heuristics to the collec* 
tion 
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HI, H2 #fce. of the tyDiail five year ©3d child is an init 
Of what T term the dabugcring of htugigtiea. 



anee 



AnQthtr Piaqetian "Conservatian" Bscpegiment 



Here ig the pratoG©! of a eXassi© Piagetlan "©©nservation" 
aKperini©nt, emduetad by onm ©f Flaqet and inhelder's 
©oliaberatofs^ Olivier d@ Mar©gllui, In Lexinqten, Masaaehusetts 
in ^mptm(bmrf 1974* 

A five year ©Id ©hild P©b was sh©m two veisals. Onm, a 
fneaiuring ©ylinder, was tall and narrow in ©Msi-gaetion/ the 
ether was a acruat beaker ©ontaining a dark liquid tentiad 
"Pepsi", Hob was asked to what height he antioipated the 
"Pepsi** pourea from the beaker wsuld fill the narrow oyllnder. 

R©b pointed to a level ©n the ©ylinder at the same 
height as the t^ level of the "Pepsi" in the squat 

vessel. The "Pepsi" was poured, fhe level in the narrow 
cylinder was about three times higher than that predicted by 
B6b. Rob registered muoh astonishment , followed by 
traditional faoial expressions for qrasplng a trioky idea* 
Rob was asked! "is there nere Pepsi now?" 

«ob replied! "Hoi it's just the same it ©nly looks more."* 

m 

mh was th« asked how he would explain to another ©hild how it 
was that the "Pepsi" was so high in the (narrow) cylinder* 
Mh pondiired a mOTent then placed his hands about 20 
centimetres apart in front ©f him* then steadily drew his hands 
together while saying, "The sides are pushing the fepsi up".*0) 
Rob's responses, •(1), »<2), and *(3) of the above preteeol, 
iretit these o^nmentsi pp» ^ 




Rob s expectation of the helcfht o€ the new (narrow) 
liquid coluim confonnB to the heuristic HI of the preeedlnq 
aKperlment the anticipatert "extent" of the new "Pepsi" 
coluinn " its haiqrht was antieipatea to be unohanged. 

*(2) Rob opined a caveat to be referred to as H6 which he 
probably only recently leamt to associate with the heuristic 

HI, 

Hfi I "Sometimes it only looks more". 

On the basis of this protocol one can't ba certain as to which 
heuristic (s) lert Rob to say "the swie" but it was 
probably the historical heuristlo H4 delimited above* 

*C3) Rob had formulated an ej^ianatlon in terms of the 
heuristic Process — the same heuriatic^ which somewhat 
elaborated debugged) was used to snare the Dragon Milko 
in Section 2* Rob was considering a fictitious state of the 
cylinder — presumably one in which cross-^section was the 
same as in the scruat beaker. In the fictitious state # the 
"Pepsi" would be at the same level as in the squat beaker. 
But on bringincf the sides together — as Indicated by hand 
movement — the "Pepsi" level would rise. 

Islands Experiment 

The following incirtent took place within the context 
of a vary extensive Piagetlan eTOeriment/ "Islands" .conducted by 
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Seymour Paper t. 

A five year old child vas asked to count the (2 cm. x 2 cm. 

X 2 cm.) cubas arranged as a rectangular prism which was 8 cm. x 
6 cm. X 6 cm.. Her algorithm was transparent, as she traced her 
finger row by row along the front face, and proceeded to likewise 
count blocks on other faces of the prism, she concluded there 
were 30 cubes in the prism. She was asked "How did you do it? 
If another child wanted to count the blocks, what would you tell 
her?" The child replied, "Don't count the side ( ~ edge) one's 
twice." The child failed to say that her basic method was syste- 
matically tracing her finger along the faces. This method had 
the bug she discovered (as well as others she didn't discover - - 
the inner blocks weren't counted) but the counting procedure is 
not well characterised heuristically by that bug I 

In applying the heuristic "Add Effects" to Milko in Section 2 
a similar situation arises. An incredible artifact, a pressure 
carry ether, has to be introduced for this heuristic to succeed. 
Vet it would be patently misleading to heuristically characterise 
this solution as "The Pres«ure-*Bther Model" for the Milko Dragon. 
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tn de^erlbinc? Ahov« mme cXmsHe Fia€f#tian "^©nservation** 
eKperlffitnts"''^ we have nnted the hauristias fflanif^stly utilised * 
and in soma inat#ne©s verbally ekpMssert by ehildren in th© five 
to mmvmn ymBtm aqe ^roup* Perhaps Mm should net© that it is 
fairly noval to atteftpt to usa th# protoools of fiyeh #3ip#riin©nts 
to determine the hauriaties reportotre of a ortildi sueh a 
discussion was first ^iven by Bayiiiour Faptrt. Tha avidenoe 
of these and ©th#r protocols suq^rest that a child does not mature 
by disearding the "hen-oonservlng- hturistios and learning a mare 
'^preoise" "eonservina'* heuristic i rather to th^ prototype 
heuriitio tell if mora - look- nm addad further 

struetural elements other hturlstios * tha whole aollaction 
of heuriities h#ing alosely linked, and heuristioi relating the 
various aleifents are Bart of the %rhola. Table SIl shows how 
lome of the heuristics disausgad above alot into the Heuristie 
Frame which is oalled "Look - Mora'** 

THE WATOMY OF TOK mminttc vmm ""LMKmnom^ 



COKPONINT 

Core hauristio 

Problem Raduetion 
Devieas and Algorithm 
Selaetor 

nabufT routine! 
nainens 



SpBCiridATIOH 

"To tall if more - looh" 

Hit "draatar mHtmnt maans mora* 
n2t '*0parsaness means less** 

"Cheek Ml and m for oonsistenGy*' 
Hit "In aaia of oonfliot be^aan Hi 
and n2, usa an historioal heuristio" 

H6i "aometines it only looks moM" 
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Hauylstlc Framm detailed in Table Jl Is Biinilar to a 
schema proposea by musky and Papert* The young child 

has availahle the care heuristio of this frame - the idea that 
visual observatiori can ba used to determine cruantity plus HI 
and possibly H? , Of eourse to a youncr child quahtity ^eana 
capacity to satisfy hunger or inaybe bites* One of the most 
endeariricT protocols t have collected ^as of a non-conservirig 
Bi-H year old, who was asked whether a flattened ball of dough 
contained more than a spherical ball i^blch had previously been 
adjudqp^d •'the Fame amount"* •The oirl guided by HI claimed that 
the flattened ball of dough contained more ^ and justified 
this anstfl^er by pointing out that the romd ball could be eaten 
in tvo hitas, whereas the flattened ball would take five bites* 
The older child - the Conmmtv&r ^ has added to these basic 
elements of a fraine debua routines and demons akin to those in th 
Table. It is just that process off ^^entlng and editlnq a 
frame, such as ''Look - Mora", whlah is called in this paper the 
debugging of that heuristic . 
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that his qualitativ^e judgement had not been alterecJ by 
his Bubjection to a "teaehlrig" program that was not 
concerned with the debuggtncr of the ehild's heurlatlc 
frames • i^ow it is my aseertion that drilling students only 
in standardised problems which I've termed fformula 
crankers — can, despita the best of intentions ^ be a 
very similar teaching program: our students cmn then ^do" 
correctly just a limted range of problems^ but don*t 
possess property debyggad h^ariafcies capable off snaring a 
Dracjon* 

Fee p*48, J* Piagat, " Gene tip 'Rpistamology" , Norton^ New 
York (1970) • 

21, In hin ri^nen^.ote^ entitled **^ainiess preeassion^# 
Eastman aave just suah a **Dl\fide and Conquer'* 
nntivated approach to pxaoesBicnal prehleinSi This 
note also lists pre^novs A,J*P* di^enssions of 
this 'wystifying* phanonesia. See P*C, Raatman, 
J, Phys. 43, 366 (1975). 



eo 



